Abstract. Based on perturbation theory, we present the exact first-order solution to Einstein's gravitational field equations for the exterior static gravitational field of an isolated non-rotating star in a spatially finite universe having the topology of a flat 3-torus. Since the method of images leads to a divergent Poincaré series, one needs a regularization which we achieve by using Appell's resp. Epstein's zeta function. It turns out that the solution satisfies R µν = −Λ top g µν , where Λ top is a new positive constant which is completely fixed by the mass M of the star and the spatial volume |Ω| of the universe. The physical interpretation is that a stable or metastable equilibrium requires a topological dark energy which fills the whole universe with positive energy density ε top ∼ Λ top and negative pressure p top = −ε top . The properties of the gravitational field are discussed in detail. In particular, its anisotropy is made explicit by deriving an exact multipole expansion which shows that in this case Birkhoff's theorem does not hold. While the monopole describes the Newtonian potential, there is no dipole but always a non-vanishing quadrupole which leads to a repulsive force ∼ mΛ top | x| experienced by a planet of mass m ≪ M at rest. Finally, we put forward the conjecture that black holes exist in a toroidal universe and that their gravitational field is in the weak-field limit well approximated by the first-order field.
afterglows of GWs as a test of Quantum Gravity.
In the standard model of cosmology it is assumed that our universe possesses at large scales the space-time structure R × M 3 where R describes cosmic time and M 3 the 3-dimensional comoving spatial section of constant Gaussian curvature K. From measurements of e.g. the cosmic microwave background with NASA's satellite WMAP resp. ESA's satellite Planck one infers [10, 11] that K is compatible with being zero and thus one concludes that M 3 is flat, i.e. is a Riemannian manifold endowed with the euclidean metric. Since gravitation in GR is intimately linked to the geometry of space-time, Einstein's original hope was that his field equations would determine the global topology of space-time and thus also the spatial shape of the universe. Having this in mind, he wrote his seminal paper of 1917 [12] which laid the foundation of modern cosmology. In this paper he made "the hypothesis of a spatially finite universe" and identified M 3 with S 3 corresponding to constant positive curvature. In confronting this universe with the one of Newton where the 3-dimensional space is, of course, the infinite euclidean space E 3 , Einstein emphasized that in Newtonian theory one has to "supplement the differential equations" (Poisson's equation) "by limiting conditions at spatial infinity", but "if it were possible to regard the universe as a continuum which is finite (closed) with respect to its spatial dimensions, we should not need at all of any such boundary conditons". The Einstein universe is static which was compatible with all astronomical observations at the time. But in order to obtain a static universe, Einstein had to introduce the cosmological constant Λ which he later abandoned when Hubble had discovered that our universe is expanding. Today, a positive Λ plays an important rôle in the widely accepted ΛCDM model, which assumes M 3 = E 3 [10, 11] , in order to explain the accelerated expansion of the universe resp. the mysterious dark energy (see Sec. 3).
Since the gravitational field equations of GR are differential equations, they constrain the local properties of space-time but not the global spatial geometry and topology, i.e. they do not determine the spatial shape of the universe as originally hoped by Einstein. Thus "his theory is incomplete", since "ignoring the global topology of the universe is particularly neglectful in a theory that purports to be a theory of geometry" [13] . It is likely that a future theory of Quantum Gravity will determine among other things also the curvature and topology resp. shape of the universe. In the meantime one attempts to infer the topology by confronting various models with astrophysical observations. This field of research has been coined cosmic topology [14] (see also [15] and references therein).
Taking the question of the global spatial topology of the universe serious, the first thing to know is which 3-dim. space forms are mathematically possible. Assuming that the spatial curvature at large is zero (which is compatible with present observations), we have to find all admissible 3-dim. euclidean space forms. Fortunately enough, this problem has already been solved a long time ago in connection with the 3-dim. crystallographic groups. It turns out [13, 14, 15] that there are 18 possible space forms, where one is the infinite simply connected space E 3 which is considered in the standard model of cosmology. Among the remaining 17 space forms there are 8 non-orientable manifolds. Setting aside the non-orientable space forms, one is left with 9 orientable multiply connected manifolds of which 6 are compact, i.e. have a finite volume. It turns out that the simplest of the orientable compact flat manifolds is the torus T 3 also called hypertorus. Note that all of the 6 compact manifolds are globally anisotropic and all except of T 3 destroy global homogeneity.
In this paper we are not concerned with the time-evolution of the universe. Rather we are interested in the question whether there exist black hole solutions to Einstein's field equations in a universe whose spatial section is a 3-torus. Since black holes are ideal objects to test GR, as we have seen before, they could give important information on the global topology of the universe, in particular on the question whether we live in a finite or infinite universe. Using a perturbative approach, we give an exact solution to the first-order Einstein equations in terms of Appell's [16, 17, 18 ] and Epstein's [19, 20] zeta function. Based on this solution, we conjecture that there exist exact solutions describing black holes whose properties are very similar to those of the presented first-order solution.
The Geometry of the Torus Universe
To describe the geometry of a flat 3-torus T 3 , it is convenient to use a right-handed rectangular coordinate system such that an arbitrary point in E 3 is represented in terms of its cartesian coordinates by a 3-vector, e.g. a = (a 1 , a 2 , a 3 ) with a k ∈ R. The scalar product of two vectors a and b is defined as usual, a · b := a 1 b 1 + a 2 b 2 + a 3 b 3 , and the length of a vector a is | a| :
The euclidean distance between two points x, y ∈ E 3 is then given by d( x, y) := | x− y|.
A general flat 3-torus T 3 can be defined by a fundamental domain Ω ∈ E 3 having the shape of a parallelepiped (PEP) with 12 edges, 8
vertices and 6 faces (parallelograms). By identifying ("gluing") opposite faces by pairs according to a discrete and fixed-point free symmetry group Γ, we obtain a multiply connected flat manifold having the topology of T 3 . Although the gluing cannot be performed in three dimensions, there is a neat representation on the covering space E 3 based on the "method of images". By considering the set of all Γ-copies (congruent "mirror images") of Ω, one obtains a tiling of E 3 , whereby the set of all vertices of the PEPs defines the lattice points of a lattice L in E 3 . The group Γ is then given by one of the well-known threedimensional crystallographic groups, and the corresponding torus T 3 is the quotient E 3 / Γ.
Any PEP can be completely characterized by a real positive-definite (3 x 3)-matrix A = (a kℓ ) k,ℓ=1,2,3 which (without loss of generality) can be assumed to be given in lower triangular form with a 11 , a 22 , a 33 > 0, a 21 , a 31 , a 32 ∈ R and a 12 = a 13 = a 23 = 0. Let a k = (a k1 , a k2 , a k3 ), k = 1, 2, 3, be three vectors which are given by the rows of A. Then they define three edges of a PEP (which meet at the origin 0) with edge length L k := | a k |, k = 1, 2, 3. Furthermore, the PEP corresponding to A defines a fundamental domain Ω = Ω(A) of a 3-torus
with volume
Obviously, the collection of all 3-tori can be represented as points in a 6-dimensional Teichmüller space. The symmetry group Γ = Γ(A) associated with A is defined by three generators (and their inverses) corresponding to the following discrete translations on the covering space E
Although the tori have no boundary, the transformations (2.2) can be seen as periodic boundary conditions on ∂Ω, and thus the basis vectors a k play the rôle of period vectors resp. their coordinates define three groups of periods [16] .
Let the vectors b k = (b k1 , b k2 , b k3 )(k = 1, 2, 3) be given by the columns of A, i.e. b kℓ := a ℓk and define the vector
where n = (n 1 , n 2 , n 3 ) ∈ Z 3 . Then ρ represents an arbitrary lattice point of L located a distance ρ = ρ( n) := | ρ( n)| from the origin. Note that ρ 2 is a quadratic form,
n kQkℓ n ℓ , whereQ := AA T is the Gram matrix corresponding to the period vectors a k .
From (2.3) we deduce ρ( 0) = 0, ρ(− n) = − ρ( n) and ρ( m) + ρ( n) = ρ( m + n). Then the group action of any group element γ n ∈ Γ acting on x ∈ E 3 is given by
Since γ m (γ n ( x)) = γ m+ n ( x), Γ is an abelian group. It is important to note that the manifold T 3 is globally homogeneous, which implies, for example, that the measurements of the statistical properties of the cosmic microwave background do not depend on the position of the observer. However, T 3 is not globally isotropic, since the global periodic identifications (2.2) resp. (2.5) break the rotational SO(3)-symmetry (even though they leave the flat metric on E 3 invariant).
Scalar fields Φ( x) on T 3 , like the static gravitational field of a star or a black hole, typically inherit the symmetries of T 3 and thus have to be triply-periodic functions satisfying the periodicity conditions [16, 17, 18] (2.6)
These functions are a natural generalization of the well-known doublyperiodic functions, in particular of the meromorphic elliptic functions of Jacobi and Weierstrass.
The Einstein-Poisson Equation for Static Gravitational Fields, the Active Gravitational Mass and the Fredholm Alternative
The central object in GR is the symmetric metric tensor g µν which plays a double rôle: i) it determines the space-time geometry via the line element
ii) it represents the gravitational field, i.e. its 10 components replace the single scalar potential in Newton's gravity.
(Greek indices µ, ν, ρ etc. run over 0,1,2,3, Latin indices i,j,k etc. go from 1 to 3.) The 4-vector x µ = (x 0 , x 1 , x 2 , x 3 ) := (ct, x, y, z) labels an event along a world line of an observer at time t and at the spatial point x = (x, y, z). c is the speed of light in vacuo. Our sign convention for the Lorentzian metric is (+ −−−) · g µα g αν = δ ν µ := 1 for µ = ν and zero otherwise). Given the energy-momentum (stress-energy) tensor T µν for matter, e.g. for a star, g µν (x ρ ) has to be determined as a solution of
Einstein's field equations
(Here R µν := R α µαν denotes the Ricci tensor, R α µβν the Riemann tensor (defined in terms of the Christoffel symbols), and R := g µν R µν is the Ricci scalar. G is Newton's gravitational constant, and Λ denotes Einstein's cosmological constant, see below.) For a perfect relativistic fluid T µν is given by
where ε = ρc 2 is the energy (resp. mass) density and p the pressure of the fluid. u µ := c dx µ / ds is the four-velocity (u µ u µ = c 2 ).
The cosmological constant Λ can be considered as a fundamental constant with dimension (length) −2 whose actual value cannot be reliably calculated at present but may be calculable in a future theory of quantum gravity. If the term −Λg µν in (3.1) is brought to the righthand side, one can define an energy-momentum tensor T Λ µν by
which for Λ > 0 is in modern cosmology interpreted as "dark energy" possessing positive energy density ε Λ and negative pressure p Λ defined by
In the widely accepted standard model of cosmology, the so-called ΛCDM-model, dark energy with the properties (3.4) amounts to ≈ 68% of the total energy and is responsable for the observed accelerated expansion of the universe [11] . The remaining energy of the universe consists of radiation (photons and neutrinos), baryonic and cold-dark matter such that the effective total energy momentum tensor T tot µν is still given by (3.2) but expressed in terms of the total energy density ε tot and the total pressure p tot .
Here our main concern is not cosmology but rather the gravitational field of a non-rotating, electrically neutral spherical body like a star or a black hole in a toroidal universe which can be described by one or several perfect fluids in terms of a total energy momentum tensor T µ µ which allows us to write these equations in the equivalent form
Let us consider now a system for which one can find a coordinate system such that all components of g µν are independent of time. Strictly speaking, this is only possible for the gravitational field produced by a single body. For example, in the case of a pair of black holes we know that the mutual gravitational attraction can lead to a coalescence of two black holes, i.e. their orbital inspiral and merger, and subsequent final black hole ringdown accompanied by gravitational-wave emission [7] . There are, however, important applications where a "test-body" (for example a planet) moves in the field of a very massive body (for example the sun) and the metric can be considered in a very good approximation as being time-independent. With g ij =: −γ ij we then obtain for the line element
If g 0i ( x) = 0, this metric is called stationary which is, for example, the case for a rotating star. Such systems are not invariant under time reversal, t → −t. Below we shall consider static space-times which are time-reversal invariant and thus one must have g 0i ≡ 0.
For the stationary metric (3.6), the Christoffel symbols and thus R µν simplify considerably, and the Einstein eqs. [21] for the remaining eqs.)
∆ LB denotes the 3-dimensional Laplace-Beltrami operator with respect to the spatial metric γ ij and is given by (γ := det (γ ij )) (3.8)
and the antisymmetric 3-tensor f ij is defined as
Furthermore β 2 = | v| 2 /c 2 , where | v| 2 is the square of the 3-dimensional velocity in a space with the spatial metric γ ij , i.e. | v|
Let us now consider a star or black hole at rest for which the 3-velocity v of matter is zero, the 4-velocity is given by u µ = δ µ 0 / √ g 00 and the space-time is static, i.e.
(3.9)
Then the tensor f ij is identically zero and one obtains from (3.7), putting β ≡ 0, the Einstein-Poisson (EP) equation
Here [22] .) The close analogy with Newton's theory becomes also evident if one considers the energy E and the acceleration of a point particle (planet) of mass m at rest. From E = mc 2 g 0µ u µ one infers that
plays the rôle of the static relativistic potential resp. V := mΦ is the static potential energy at x of the planet since
where mc 2 is the rest energy of the planet. Furthermore, the geodesic equation gives for the force F acting on the planet at rest (dτ := √ g 00 dt = proper time element of the planet, Γ i µν = Christoffel symbol)
ii) An important difference between Einstein's and Newton's theory of gravitation, which turns out to be crucial in a torus universe, concerns the source of gravity [22, 23] . In Newton's theory, the total mass resp. the total mass density ρ tot ( x) is the source of gravitational fields. In a relativistic theory this is replaced by the total energy resp. the total energy density ε tot = ρ tot c 2 . But in Einstein's field equations (3.1) the source of gravity is the energy-momentum tensor T µν which in the case of perfect fluids is given by (3.2) . Thus the total pressure p tot contributes together with the total energy density in the combination ε tot + 3p tot (see eq. (3.10)), as pointed out first by Levi-Civitá [24] and first studied by Tolman [25] . The latter showed that the total energy E tot of a sphere of perfect fluids in a state of stable or metastable equilibrium is given by (3.14)
where √ γd 3 x is the proper 3-dimensional volume element (see eqs.
(3.8) and (3.9)). The additional factor √ g 00 in the above integral is in agreement with the EP-equation (3.10) after multiplication by this factor. Furthermore, Tolman obtained from (3.14) an approximate expression for the energy of a sphere of perfect fluids in a weak gravitational field (i.e. Φ( x) defined in (3.11) being small) consisting of two parts, the first being the total proper energy of the material out of which the sphere is composed, and the second the well-known Newtonian expression 1 2 ρΦd 3 x for its gravitational potential energy.
Since the source of gravity is in Einstein's theory given by the specific combinationρ tot := ρ tot + 3p tot /c 2 , it is called the active gravitational mass density [26] .
iii) There are only a few exact solutions known to the EP eq. (3.10) (for a given active gravitational mass densityρ tot and the associated spatial metric γ ij ). The most famous solutions are the static, spherically symmetric Schwarzschild [1] and Schwarzschild-(anti)de Sitter [2, 3] metrics for a black hole with Λ = 0 resp. Λ = 0, and the stationary, axially symmetric Kerr metric [4] for a rotating black hole (see also e.g. [27] ). To the best of our knowledge, there is no exact solution known to (3.10) for a general toroidal universe. In the next section, we therefore introduce an iterative (perturbative) approach which will give us a well-defined approximate solution for weak gravitational fields in terms of triply-periodic functions. The existence and uniqueness of the solutions satisfying periodic b.c. is guaranteed by a theorem known as the Fredholm alternative. Consider on the fundamental domain Ω the Poisson equation
where the "source" S( x) is a given triply-periodic function (see (2.6)).
Here we assume that the operator ∆ LB defined in (3.8) acts on the Hilbert space H := L 2 (Ω) with the inner product
Then −∆ LB is a positive self-adjoint elliptic operator whose spectrum is purely discrete since Ω is compact, −∆ LB u n = λ n u n . We seek functions u( x) ∈ L 2 (Ω) which are solutions of (3.15) and satisfy the periodic b.c. Applied to our case, it is known that the eigenspaces are finite dimensional and that there exists exactly one isolated eigenvalue λ 0 = 0 whose eigenfunction is constant ( u 0 = 1)
It therefore follows that the Poisson equation (3.15) has a solution iff the source satisfies (3.16), i.e. the integrability condition
The solution is unique up to an arbitrary additive constant. Let us add that the condition (3.16) resp. (3.18) can also be derived if one expands S( x) and u( x) in a Fourier series with respect to the complete orthonormal basis u n ( x) of H.
That the existence of the zero mode is obstructive to finding a solution to (3.15) becomes clear if one tries to construct the Green's function for ∆ LB under the prescribed b.c.. Since the Green's function of ∆ LB would be defined as the integral kernel of the inverse operator, but the inverse of ∆ LB does not exist due to the eigenvalue λ 0 = 0, the usual construction fails, and no Green's function exists in H := L 2 (Ω).
It is possible, however, to define a Green's function in the generalized sense [29] . Consider the decomposition H = ker(−∆ LB ) ⊕ H ⊥ , where
⊥ is the orthogonal complement in H of the zero mode eigenspace. Then the restriction of −∆ LB to H ⊥ is in this space a self-adjoint strictly positive operator and thus its inverse exists in H ⊥ . The Green's function in the generalized sense, K( x, y), has to satisfy the periodic b.c. and the differential equation
is the periodic delta function on T 3 (see (4.6)). The rhs of (3.19) is in accordance with the completeness relation in H ⊥ (in the sense of distributions)
where in our case the zero-mode term is given by the constant
Since the solution u( x) of (3.15) is determind only up to an arbitrary constant, it can be fixed by means of the condition u, u 0 = 0, i.e.
Then the unique solution of the Poisson equation (3.15) is given by
iff the integrability condition (3.18) is satisfied. As shown, the condition (3.18) is required for mathematical consistency. But (3.18) has also a very deep physical interpretation as an equilibrium or stability condition (see below and section 4).
Coming back to the EP eq. (3.10), it is important to note that this equation is not of the inhomogeneous type as the Poisson eq. (3.15) but rather takes the following form of a homogeneous equation
. Nevertheless, the generalized Green's function K( x, y) defined by (3.19) can still be used to write (3.23) in the equivalent form of the following Fredholm integral equation (3.24)
iff the integrability condition
is satisfied. Comparing (3.25) with Tolman's formula (3.14) , we see that the integrability condition states that the total energy E tot (expressed in terms of the active gravitational energy density and the gravitational field √ g 00 ) of a spherical star of perfect fluid being in a state of stable equilibrium has to be identically zero.
The integral equation (3.24) can be solved in the limit of weak gravitational fields (g 00 ≈ 1, see eq. (3.11)) by iteration which leads for the dominant term to the first-order EP equation (4.3) discussed in the next section which now has the form of a Poisson equation as (3.15) but for the ordinary Laplacian ∆. The convergence of the Neumann series in terms of the iterated kernels is not studied here (see the expansion (4.2)).
The Static Gravitational Field of a Star in a Flat
Torus Universe in the Weak Field Limit A general static space-time metric in a flat toroidal universe can in cartesian coordinates always be written in the following form (see (3.9) with γ ij ∼ δ ij and (3.11))
Φ and Ψ depend on the dimensional parameters c, G and M (M denotes the mass of a star), the "effective size" L of the torus universe of the order of the Hubble length L H ≈ 1.4 ×10 26 m and the space vector x = (x, y, z). From these quantities we define the Schwarzschild radius (of the star with mass M) r s := 2GM/c 2 and the dimensionless "coupling strength" κ := r s /L. Furthermore, we introduce the dimensionless coordinate vector ξ := x/L. We then expand Φ and Ψ in a power series in κ ("perturbation series") as It is seen that typical κ-values are extremely small and thus the first term in (4.2) should be a good approximation. Denoting this term by 2 c 2 Φ T 3 ( x), our task is to find a solution to the corresponding first-order EP equation (reintroducing x as variable)
where ∆ denotes the euclidean Laplacian ∆ :=
Here we have assumed that the spherical star is well described by a perfect fluid with mass density ρ M ( x), pressure p M ≡ 0, and we have kept the active gravitational mass densityρ X := (ε X + 3p X )/c 2 of an additional perfect fluid which is of topological origin and has to be determined from the integrability condition (3.18) . Considering the EP equation (4.3) on the covering space E 3 , ρ M ( x) andρ X ( x) are triply-periodic functions, and thus we have to determine a triply-periodic function Φ T 3 ( x) solving eq. (4.3).
To find the desired solution, let us make the following ansatz (based on the method of images) in the form of a Poincaré series (see eqs. (2.3), (2.5) and (2.6))
where f ( x) is a suitable function on E 3 . (Throughout this paper, the sum n denotes a triple sum over all n = (n 1 , n 2 , n 3 ) ∈ Z 3 , a prime being inserted, n ′ , when the term n 1 = n 2 = n 3 = 0 has to be omitted from the summation.) One is tempted to make the choice
, where Φ N ( x) denotes Newton's gravitational potential, which leads to the ansatz
Very informally, this ansatz appears to solve eq. (4.3) (using ∆(
3 ( x)) corresponding toρ X ≡ 0 and (4.6) 4πGρ
where δ T 3 ( x) denotes the periodization of the 3-dimensional delta function. ρ
M ( x) can be interpreted as the mass density of a star with mass M considered as a pointlike particle. Unfortunately, the triple sum (4.5) over infinitely many Newton potentials is divergent which can be seen from the Epstein zeta function (see eq. (4.40)) n ′ | n| −s , sεC, which converges absolutely in the half plane Re s > 3, but is divergent for Re s ≤ 3. (Actually, this function has an analytic continuation as a meromorphic function to the whole complex plane with a single pole at s = 3.) Due to this divergence, the ansatz (4.5) is useless for a computation of Φ T 3 ( x) and the application of the Laplacian on (4.5) acting on the individual terms is not allowed. But, more seriously, (4.5) does not satisfy (3.18)! There are, however, ways to regularize the sum (4.5) in such a way that a well-defined solution to the first order EP equation is obtained in terms of absolutely convergent series. In the following we shall present three different regularizations which give, however, the same unique solution (apart from an additive constant) in different representations.
4.1. The Gravitational Field in Terms of the Appell Zeta Function. Our first regularization of the ansatz (4.5) is based on the work of Appell [16, 17, 18] dating back to 1884! From the generating function of the Legendre polynomials P ℓ (cos γ) we obtain for r < ρ the absolutely convergent expansion (|P ℓ (cos γ)| ≤ 1)
where ρ = | ρ( n)| (see eqs. (2.3), (2.4)) and γ = γ( x, n) ∈ [0, 2π] denotes the angle between x and ρ( n). Using for x and ρ spherical coordinates (r, ϑ, ϕ) resp. (ρ, ϑ
Since the sum n ′ (ρ( n)) −s converges absolutely for Re s > 3 (see eq. (4.40)), we can regularize the triple sum in (4.5) by subtracting the first three terms of the expansion (4.7). We then define Appell's Z-function [16] by (4.9)
Here the triple sum is absolutely convergent for all x ∈ R 3 except at the origin and at the congruent points ρ( n). Z A ( x) possesses the following properties:
is regular for x ∈ R 3 except at the origin resp. at the points ρ( n) where it has poles 1 r resp.
with residue 1. Thus Z A ( x) has in every PEP of the lattice L exactly one singularity, iii) Z A ( x) is, however, not triply-periodic, since one can show [16] that all second derivatives
Here the 12 constants B k and C kℓ (k, ℓ = 1, 2, 3) can be obtained from the absolutely convergent series expansion (4.9) of Z A :
In addition one has the consistency relations a 1 · C 2 = a 2 · C 1 and cycl.
In oder to construct from Z A ( x) a triply-periodic function, let us consider a real symmetric (3×3)-matrix D and the associated quadratic
x k D kℓ x ℓ . Then Appell [16] has shown that the matrix D can be determined in such a way that D[ x] satisfies for all x ∈ R 3 the relation (see eq. (4.10)) (4.12)
A Taylor expansion gives
Here the first nine linear equations are compatible due to the relations mentioned below eq. (4.11) and allow to determine the matrix D.
With the help of the quadratic form D[ x], Appell's zeta function is defined by [18] (4.14)
ζ A has the following properties:
iii) ζ A ( x) is regular for x ∈ R 3 except at the origin and at the congruent points ρ( n). iv) ζ A ( x) satisfies the Poisson equation
and thus satisfies automatically the integrability condition (3.18) (adopted to the weak-field limit, i.e. γ ≡ 1) according to the Fredholm alternative discussed in Sect. 3.
Proof: (Appell [18] ). The definition (4.14) gives ∆ζ A = ∆Z A + ∆D = −4πδ T 3 ( x) + K with K := 2T rD. Without any computation it follows that K cannot vanish since Appell showed [18] that a triply-periodic function f ( x) having in the fundamental domain only a single pole, cannot satisfy ∆f = 0. In order to compute K, consider the fundamental domain Ω containing the origin and the ball B(ε) with centre at the origin and having a very small radiusε. Apply Green's theorem to the region Ω \ B
Then the volume integral on the ℓhs is equal to K |Ω| − 4π 3ε
3 . The surface integral over ∂Ω is zero since ζ A is triply-periodic and the values of the outer normal derivatives ∂ζ A /∂n at congruent points on ∂Ω agree up to a sign. In the surface integral on ∂B we insert ζ A = 1 r + η A , where η A stays finite ifε goes to zero, and thus the integral tends to 4π in this limit and we obtain K = 4π/|Ω|.
We thus arrive at the desired solution, which we denote by Φ A ("A" stands for Appell), of the first-order EP eq. (4.3),
which explicitly reads
Φ A describes the gravitational field of a non-rotating star in a static state of stable or metastable equilibrium in the far-field limit such that the field is weak and the star can be treated as a point-like object (localized source), i. 3) is responsable for the first term in (4.18) which is the Newtonian potential of a body of mass M and thus defines also in our case the constant M to be the mass of the relativistic source. This definition is the standard one in the case of an infinite universe for which space-time is asymptotically flat (see e.g. [27] ). Furthermore, we have assumed that the material out of which the star is composed is a perfect pressureless fluid ("dust"), i.e. p M = 0.
A novel and very remarkable property of the field Φ A is that its source contains in addition to ρ M a second term, see (4.16), which has (taking the definition (4.17) into account) to be identified with the active gravitational mass densitityρ X in (4.3), i.e.
Since this term is required by the integrability condition (3.18) which in turn is related to the non-trivial topology of the torus universe, we call this term a topological ("top") active gravitational energy density. Assuming that ε top > 0, the pressure p tot must be negative and thus this source acts like a sort of "topological dark energy" in analogy to the dark energy in cosmology which is well described by Einstein's cosmological constant Λ (see Sec. 3). We therefore define a Note, however, that Λ top is much larger if one considers an early epoch where the universe has been much smaller. Finally, let us mention that the topological term (4.19) has been obtained directly from Appell's triply-periodic zeta function without demanding the integrability condition (3.18).
Another important property of the triply-periodic field Φ A ( x) is its anisotropy inherited from the global non-isotropic geometry of the torus universe. This is best seen by rewriting the triple sum in (4.18) as a multipole expansion. Inserting for | x − ρ| −1 the Legendre expansion (4.7), one obtains for the triple sum
where only the Legendre polynomials of even order contribute. (This is seen by replacing in the summation n by − n and using ρ(− n) = ρ( n), cos γ( x, − n) = − cos γ( x, n) (see (4.8)) and
Then we get with the help of the addition theorem
for the spherical harmonics on S 2 the multipole expansion
where the multipole moments are defind by (ℓ ≥ 2; see also (2.4))
The expansion (4.20) will be useful if it is sufficient to take only a few multipoles into account in computing, for example, the geodesic motion of a planet in the gravitational field Φ A ( x), see (3.13). Obviously, the trajectories are much more complicated than those for the motion in the Schwarzschild [31] or Schwarzschild-de Sitter metric [32] .
The subtle structure of the gravitational field Φ A ( x) (for example, its equipotential surfaces Φ A ( x) = const.) is encoded in the multipole moments D kℓ and S 2ℓ,m = (−1) mS 2ℓ,−m which reflect the spatial shape of the torus universe, i.e. the fundamental parallelepiped Ω ⊂ E 3 defined by the matrix A resp. the Gram matrixQ = AA T (see Sec. 2).
As an illustration, let us discuss the first correction of order O(r 2 ) to the Newtonian potential which is given by the quadratic form associated with the matrix D defined in (4.12) and (4.13). (It is expected that this term gives the dominant contribution for r s ≪ r ≪ L H , since the remaining multipole sum is of order (GM/L H )(r/L H ) 4 .) It is important to note that this term can never be zero due to the general relation T rD = 2π/|Ω| (see the proof of (4.16)). Consider as a simple example a 3-torus universe whose fundamental domain is a rectangular PEP (a cuboid) with different edge lengths
and the gravitational field is given by
which has still a complicated non-isotropic form.
The simplest case is obtained if the fundamental domain of the torus universe is a cube with edge length L = L 1 = L 2 = L 3 , for which the matrix D takes the simple form D = ( .11)) is given by (4.24)
Here the topological constant is given by Λ top = 2πr s /L 3 and the multipole momentŜ 2ℓ,m by the Dirichlet series (ℓ ≥ 2)
.
At this point it is appropriate to discuss the main question of this paper: do black holes exist in a torus universe? Although we cannot give a final answer to this question, we think that the solution This solution depends on the two parameters r s and Λ top resp. on the mass M and the torus length L. To see whether this solution possesses one or more horizons, we have to determine the zeros of g 
The Gravitational Field in Terms of the Epstein Zeta
Function. Our second regularization of the Poincaré series (4.4) resp. of the ansatz (4.5) makes use of the Epstein zeta function [19, 20] . The idea is to regularize the sum (4.5) by replacing | x − ρ| −1 by the complex power | x − ρ| −s , s ∈ C, Re s > 3, instead of subtracting the divergent terms as done in (4.9) following Appell [16, 17, 18] . To keep the discussion simple, we consider the special case of a 3-torus whose fundamental domain is a cube of edge length L and thus ρ = L n resp.
Epstein's zeta function is defined by ("E" stands for Epstein)
For ξ ∈ Z 3 , the above Dirichlet series converges absolutely in the halfplane Re s > 3 and uniformly in any compact subset. Following Riemann's method by which he derived the analytic continuation of his zeta function ζ(s), Epstein [19] showed that (4.28) has an analytic continuation into the whole complex s-plane as a meromorphic function possessing only a single pole at s = 3 with residue 4π. (Actually, Epstein defined ζ E (s, ξ) for general dimension D ∈ N, i.e. for ξ ∈ R D , and proved the analytic continuation, in which case there exists a single pole at s = D with residue 2π
.) Thus the analytic continuation of ζ E is regular at s = 1, and we therefore define the gravitational field Φ E ( x) by
To obtain the analytic continuation, (4.28) is rewritten as the Mellin transform of a generalized Θ-function (see eq. (4.36)), then the Mellin integral is split into
dt and it is observed that the second integral is absolutely convergent in the whole s-plane for ξ ∈ Z 3 and thus is an entire function of s. In the first integral one inserts a general Θ-transformation formula (see eq. (4.37), derived by the Poisson summation formula) and then makes the variable substitution t → 1/t. As a result, the first integral produces the simple pole at s = 3, and one is left with an integral which is also absolutely convergent in the whole s-plane. One thus arrives at the following integral representation for Epstein's zeta function valid in the whole s-plane [19] 
Here Γ * (s, x) denotes the modified incomplete gamma function
where Γ(s, x) is the standard incomplete gamma function [33] . With Γ * 1 2
we obtain from (4.29) and (4.30) for the solution of the first-order EP eq. (4.3) the series expansion
Φ E ( x) has the following properties:
ii) it is triply-periodic, iii) the triple sums over n converge absolutely for ξ ∈ Z 3 , iv) the first sum has a pole at r = 0 and all conjugate points with residue −GM, v) the solution (4.32) is unique up to an arbitrary additive constant and thus it must be identical to the solution Φ A ( x), eqs. (4.18) resp. (4.20) (derived from Appell's zeta function), up to an additive constant, vi) Φ E ( x) satisfies the Poisson equation and therefore fulfills automatically the integrability condition
. Proof: i) and ii) are obvious, also iii) is obvious for the second sum in (4.32) . For the first sum we recall the asymptotic expansion for the completed error function [33] erfc( √ πx)
iv) To see the pole structure, we split off the term with n = 0 in the first sum in (4.32), use the identity erfc(x) = 1 − erf(x) and the series expansion of the standard error function [33] erf
From this one obtains immediately g Let us mention that the solution Φ E ( x) is ideally suited for a numerical evaluation since the triple sums in (4.34) converge very rapidly due to the exponential factors e −π| n− ξ| 2 resp. e −π| n| 2 . On the other hand, it is quite cumbersome to obtain from (4.34) the multipole structure analytically which in the case of Φ A was straightforward.
From (4.34) one also easily derives that g E 00 approaches for x fixed in the limit of an infinite torus volume, i.e. for L → ∞, the Schwarzschild metric g 
Here we used the fact that in the last sum in (4.34) cos(2π( n· ξ)) can be replaced by e 2πi( n· ξ) . We then obtain (we consider ξ in the fundamental
where we have introduced the generalized Θ-function ( ξ, h ∈ R 3 , t > 0) is based on a regularization of the generalized Green's function. As an example, we consider again a cubic torus universe with volume |Ω| = L 3 . It is easy to see that the eigenfunctions of −∆ on
, with the discrete eigenvalues λ n := (2π/L) 2 n 2 form a complete orthonormal basis of L 2 (Ω). Since there is a zero eigenvalue, we have to consider, as discussed in Sec. 3, the restriction of −∆ to the Hilbert space H ⊥ = (ker(−∆)) ⊥ . In order to guarantee absolute convergence, we define the following regularization of the generalized Green's function (s ∈ C, Re s > 3)
Here we have introduced another special case of Epstein's zeta function
The notation indicates that the general Epstein zeta function [19] ζ E (s, g, h) depends on s and the "characteristic"
Thus the zeta function mentioned after eq. 
|.
Note that the kernel K s ( x, y) is for s = 4, 6, · · · identical to the wellknown "iterated kernels" [29] which converge absolutely and uniformly in both x and y ∈ R 3 . For s = 2, eq. (4.38) takes the form of Mercer's theorem which, however, cannot be applied here as it could in the case of ordinary differential equations [29] .
Following again Riemann's method, as discussed after eq. (4.28), Epstein proved [19] that ζ E (s, 0, h) has a representation analogous to (4.30) in terms of Γ ⋆ (s, x) valid in the whole s-plane from which one concludes that it is an entire function of s. Thus we are led to identify the gravitational field Φ G ( x) ("G" refers to Green's function), i.e. the solution of (4.3), with 4πGMK 2 ( x, 0), which in terms of the analytic continuation of the Epstein zeta function (4.39), see (4.38) , is then defined by
Epstein also proved [19] that his zeta functions satisfy a functional equation (analogous to the famous functional equation for the Riemann zeta function ζ(s)) which in our case is given by
For s = 2 this gives ξ) and we thus obtain from (4.41) and (4.29)
Due to the orthogonality of the eigenfunctions u n ( x), we obtain from (4.38)
This implies the weak field normalization (see (3.20) and (3.21) for γ = det (γ ij ) → 1)
which fixes the arbitrary additive constant in Φ G and Φ E . A comparison with Φ A in (4.18) yields for the cubic torus
where the constant field Φ 0 is given by The number theoretical function r 3 (m) is a very irregular function which has already been studied by Gauß. Defining the counting function N(λ) := #{λ n ≤ λ} for the eigenvalues λ n of the cubic torus, one obtains Weyl's law (see e.g. [34] )
This follows from the small-t asymptotics of Θ(t; 0, 0) given in (4.37) using the Tauberian theorem of Karamata, since Θ( 4π L 2 t; 0, 0) is identical to the trace of the heat kernel of −∆ on the cubic torus with volume |Ω| = L 3 . The same t-asymptotics determines also the pole of ζ E (s) at s = 3, since ζ E (s) is the Mellin transform of Θ(t; 0, 0) as shown by Epstein [19] using Riemann's method. Due to the exponential convergence of the lattice sums in (4.46), we have computed the numerical value given in (4.46) by neglecting the terms with m ≥ 6 using the Tables given in [35] . (The same Tables have also been used for the value of ζ E (5) cited before (4.26).)
Concluding Remarks
We presented a perturbative approach for the static gravitational field of a spherical non-rotating star of mass M in a universe whose space form is a general flat 3-torus defined by its volume |Ω| (resp. an effective length scale L) and 5 Teichmüller parameters. The perturbative expansion is in terms of a power series in the parameter κ := r s /L (r s = Schwarzschild radius) which is even for supermassive black holes extremely small (κ ≤ 10 −13 for L ≈ L H = Hubble length).
Thus the first-order term should provide a very good approximation in the far-field limit, r s ≪ R < r ≪ L, where R is the radius of the star. Since the well-known ansatz (4.4) in form of a Poincaré series (method of images) is in general divergent (see the discussion after eq. (4.5)) resp. not absolutely convergent (see eq. (4.39)), we used 3 different methods to regularize the triple sums over n ∈ Z 3 which are based on Appell's triply-periodic zeta function [16, 17, 18] resp. on the analytic continuation of Epstein's triply-periodic zeta function [19, 20] . Appell's zeta function is not very well-known, and we therefore described its construction and main properties in some detail following Appell's original papers using, however, a more compact vector formulation introduced in Sec. The first-order gravitational field in a finite toroidal universe possesses two remarkable properties which distinguishes it greatly from the standard spherically symmetric Schwarzschild (S) resp. Schwarzschildde Sitter (S-dS) field in the infinite universe with M 3 = E 3 :
i) Let us consider the exterior region (r > R) of a star. Then the standard black hole solutions in E 3 are either solutions of the Einstein vacuum equations R µν = 0 (in the case of the S-metric) or of R µν = −Λg µν (Λ > 0 in the case of the S-dS-metric) where Einstein's cosmological constant Λ can take any value, i.e. it is not determined by GR. As discussed in Sec. 3, Λ is then interpreted as determining dark energy with energy density ε Λ = Λc 4 /(8πG) and negative pres-
This is completely different in a torus universe. Here the vacuum equations R µν = 0 have no non-trivial solutions at all! Instead the Einstein equations are (5.1)
where we have defined the positive constant
which is completely fixed by the Schwarzschild radius r s (i.e. the mass M of the star) and the spatial volume |Ω| of the torus universe. Since this is a direct and unavoidable consequence of the non-trivial topology of T 3 , we call Λ top the topological cosmological constant of a given star of mass M. The physical interpretation is this: a stable or metastable equilibrium of a star in a toroidal universe requires the existence of a sort of topological dark energy which fills the whole universe and possesses a negative active gravitational energy density ε top + 3p top with positive energy density ε top = Λ top c 4 /(8πG) and negative pressure p top = −ε top . In Sect. 3 we discussed in detail the connection between the physical equilibrium condition and the mathematically required integrability condition according to the Fredholm alternative.
It is worthwhile to mention that we did not use these conditions in the derivation of the gravitational field since both the Appell and the Epstein zeta function fulfil these conditions automatically (see eqs. (4.16) and (4.33)).
ii) Another important property of the exterior field derived here is its anisotropy reflecting the breaking of global rotational symmetries which is explicitly seen in the multipole expansion (4.20) . Here the monopole is equal to Newton's potential, there is no dipole contribution, and the first non-vanishing (and for R ≪ r ≪ L dominant) term is the quadrupole field Φ Q ( x), say. Defining the quadrupole tensor This shows that there is for all tori, independent of their particular shape, a non-vanishing spherically symmetric quadrupole field which depends solely on Λ top and agrees for Λ top → Λ with the corresponding term of the S-dS black hole solution [2, 3] . In addition, there is in general an anisotropic part due to the tensorD which vanishes in special cases, for example for a cubic torus, see (4.24).
Let us consider the force F which a planet of mass m at rest experiences in the gravitational field of a star of mass M ≫ m. In the weak field limit, the force is given by (3.13), and thus the monopole leads to the well-known attractive Newtonian force. The interesting result comes from the quadrupole field (5.4), where the first term leads to a repulsive central force (Λ top c 2 /3)rê r which depends only on Λ top ! Even more interesting is the force governed by the quadrupole tensor D which is in general anisotropic.
At this point it should be mentioned that a weak acceleration effect due to multiple connectedness of the universe was heuristically discussed in [36] for different topologies. In the case of the 3-torus, the calculations were carried out using an expression for the force derived from a divergent series analogous to (4.5) which is plagued by serious convergence problems as discussed after eq. (4.5). The authors claimed that in the case of a cubic 3-torus there is no force proportional to r. This contradicts our result derived from a well-defined regularization. The authors also discussed the topological space M 3 = R 2 × S 1 , for which there exists an exact Schwarzschild-like solution to Einstein's equations [37] , and derived the expected topological acceleration.
Since we have no exact solution to the full non-linear Einstein equations which describes the space-time metric of black holes in a torus universe, the question asked in the title of this paper remains open. Nevertheless, based on the exact first-order solution we conjecture that black holes exist in spaces with the topology of 3-tori. Furthermore, we expect that the gravitational field of these black holes is in the far-field limit well approximated by the first-order solution and thus possesses a very similar anisotropic pattern described by a multipole expansion. An observation of the anisotropy, for example by a measurement of the quadrupole, would be an important signature of a finite universe resp. of non-trivial topology because it would indicate a violation of Birkhoff 's theorem [38, 39] . This theorem, which holds under certain conditions in the standard case M 3 = E 3 , states that the Schwarzschild solution [1] is the unique static, spherically symmetric exterior solution for an isolated spherical star, and that the same holds for the Schwarzschild-de Sitter metric if Λ > 0 [2, 3] . Closely related to this uniqueness property is the so-called "no-hair theorem" [40] which states that a Schwarzschild black hole is completely characterized by only one free parameter, the mass M, which is not considered as "hair". Similarly a Kerr black hole [4] is fully determined by the mass M and the angular momentum J . In case black holes exist in a torus universe according to our conjecture, they could be considered as "hairy black holes" possessing 6 hair, namely they would be fully characterized by M (not counted), the volume |Ω| and the 5 Teichmüller parameters of the 3-torus. (For black holes in quantum gravity, see [41] .)
